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Summary of Time Scales

Dynamical Time Scale

@ Consider change of radius R.
@ at free fall the escape velocity at the surface is
characteristic velocity

2GM

Vesc = R

@ using average density p = 3M /47 R3 we can write

R R3 3 1 1
Tdyn & —— = =\a- A=~ =
Vesc QGM 87T Gp Gp

@ an alternative definition comes from

52 » IR RS
_371.2,’ surface ~ R/Tdyn — Ton = 5 - W
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Summary of Time Scales

@ dynamic time scale

1
Tdyn ~
yn Go
@ Kelvin-Helmholtz (thermal) time scale

GM?
Tthermal =~ TKH = SRL

@ nuclear time scale
eMc?

~ -3
Tnuc ~ L 5 €~ 10
@ comparison of time scales

Tdyn < TKH < Thuc
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General Equation of State

@ Generally we can write the equation of state as a unique
function
P = P(p, T,X)

@ Obviously, this could also be solved, for different
applications, as
p=pP, T,X) or T=T(P,p,X)

@ so far we have only considered the case of ideal gas.

@ in stars density can become so high that gas particles
interact, temperature is so high that atoms are ionized and
that radiation contributes to the pressure
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Coulomb Interaction

@ For a star of average density p and particle mass of ; u we
have a mean distance between particles of

1/3 1/3
d— L_u _ 4 u P>
p 3M

@ we may estimate the mean Coulomb Energy by

2262
€Coulomb = q

@ we may compare to the characteristic energy of the
particles in the stars kg T where T ~ aupuGM/3kgR:

€Coulomb 3726
ks T M4/3 u4/3a,GM?2/3
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Coulomb Interaction

Notes:

@ Forthe sun .
r — COUIO_mb ~ 0.01

kg T
this I is often call the Coulomb Parameter

@ for M <1073 Mg, I becomes of order unity
this is the mass scale of planets

@ typically for
I ~ 5: transition from gas to liquid
I =~ 175: transition from liquid to solid
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Definition of Pressure from First Principles

Define pressure by momentum transfer per unit area per unit
time by gas “particles”. Assume particles have velocity v and
hit the surface area dS at an angle ©.
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Definition of Pressure

We use

@ n(p)dp is number of particles per unit volume in
momentum interval (p, p + dp)

@ assume elastic reflection of particle

@ momentum transferred in collision is given by twice
momentum change, the momentum component
perpendicular to the surface normal

Ap=2pcosO

@ assume isotropic particle distribution.
We define n(©, p) d© dp as the number of particles in a
cone (©,© + dO©) and with momenta (p, p + dp)
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Definition of Pressure

@ in isotropic distribution number of particles per unit solid
angle dw is proportional to the solid angle itself

n(©,p)dOdp dw 27sin©dO _ 1sin@d@

n(p)dp 47 Arr 2

@ the number of particles that strike surface area dS within a
time interval 6t is then n(p, ©)vitdS cos © and they
transfer a momentum Ap = 2pcos ©.

@ The momentum transfer per incident angle © is then
5pe = n(©, p)2pvcos? ©dO dpitdS

= n(p) pv cos® © sin©dO dpstdS
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Definition of Pressure Integral

@ The pressure, defined as the integral of épg over all
= (0,7/2) and all momenta p = (0, oo) per unit time 5t
and per surface area dS is then

P= // pvcos © sin©doedp

"/ pi/2
P= / cos? © sin@d@/ vpn(p) dp
0 0

@ That is, we obtain the pressure integral

1 [el]
P = 3/ vpn(p)dp
0
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Definition of Pressure Contributions

@ Generally we have different contributions to the total
pressure:

P = Py + Pe 4 Prag = Pgas + Prad

@ one often defines

5 = Pgas/P
and hence can write
Pgas = ﬁP
and
Prad = (1 - ﬁ)P

@ Obviously, 0 < g < 1:

e for 8 <« 1 the pressure is called radiation-dominated
e for 8 ~ 1 the pressure is called gas-dominated
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lon Pressure

f(p)
10451
Bolzman distribution at
different temperatures
1044+

10720 10719 P
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lon Pressure

@ Inside stars the ions usually follow, in very good
approximation, the Maxwell-Boltzmann distribution

47‘1’['7|p2 dp o

n(p)dp = e 2mfeT
\/27Tm|kB T3
@ and the resulting pressure is given by the usual

P| = I7|kBT

@ recall that the total number density of ions is given by
adding up the contributions from all species i:

nI:Zni:ZSYI
i i

where Y; = X;/A; is the mole fraction of species /.
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@ with the definition of the mean molecular weight of the ions

l_Zyi
i

o
and can write p
o
@ for a stellar gas composed mostly of hydrogen and helium,
we may write

n

1

T oxslyioxow

t 4 (A)

metals

@ for the sun we roughly have (A) ~ 20 and hence

w=1.29
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lon Pressure

@ Using the definition of the gas constant
R = kgNa, (Nau=1g)
we may write the ion pressure in the usual form

_RTp
i

P
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Ideal Electron Gas

@ For an ideal (non-degenerate) electron gas we have similar
to the ions
Pe = nekg T
where ng is the number for “free” electrons.
@ to good approximation, for most of the interior of most
stars, the gas can be assumed fully ionized
@ the number density of electrons is then given by

nezz_z,-n,:gzzm
1 1

. 1 .
we define — =>"ZY; andobtain ne = P
He ; Hel
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Ideal Electron Gas Pressure

@ for a stellar gas composed mostly of hydrogen and helium,
we may write

1 1 Z
LA XiY4(1-X—Y <>
He 2 ( ) A metals

@ for most stellar compositions

<Z> ~
A metals 2

and we can approximate

1 1
— =~ -(1+X
e =1+ X)

@ for the sun we have pe ~ 1.17
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Total Ideal Gas Pressure

@ The total pressure then is

1 1 RpT
Pgas = P+ Pe = (+>RPTIP
o He ©
@ where we defined the mean molecular weight of the gas

11,1

we e He

@ for the sun we have i =~ 0.61
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Degenerate Electron Pressure

@ electrons much lighter than ions (me < m)
less momentum for a given energy kg T = become
degenerate first

@ Heisenberg’s uncertainty principle
A3xA3p > h3

plus two spin orientations
@ for a completely degenerate isotropic electron gas we have
the distribution function

2

2
ne(p)dp = 17 = 1547p" dp

for p < pr and ne(p) dp = 0 otherwise
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Degenerate Electron Gas

fully degenerate

f(p) partially degenerate
f(p)
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Degenerate Electron Pressure

@ The maximum (“Fermi”) momentum is obtained by
integrating

PrF
Ne = /O ne(p)dp

3mne '/
PF:< 8r >
@ the pressure integral than gives

2/3 5/3
p . _ 8> P 3N o\ Ky 5% o 513
©.de9 = 1ameh3 20meud/3 \ 7 le 10

to obtain

. d -2
using o = p/ ot and K = 102 1007,
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Degenerate Relativistic Pressure

@ generally we have

p p?
v="— /14—
Me + Me2c2

but for p > m.c we have v — ¢ and we replace v by c in
the pressure integral and after integration obtain

he (3N p\*? 4/3 _ 4/3
Pe,rel—deg = 8U4/3<7r) <Me> = Kgp / xX p /
~ 15_dyncm—2
@ Note that for the degenerate electron gas the pressure is
insensitive to temperature.
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Radiation Pressure

@ From the Planck spectrum

n(v)dv =

we obtain
o0 h 1
Prag = 3/ “n v)dv = zaT*

with the radiation constant

_ 8r°kg* 4o
- 15¢3m ¢
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Summary of Pressure Contributions

@ Pressure integral P =} [ vpn(p)dp
® P =P+ Pe+ Prag = Pgas + Prag
define 8 = Pyas/P = Pgas = BP, Prag = (1 — B)P
@ gas pressure
Pgas = RP%
@ degenerate electron pressure

312/3 5/3
Pe,deg ZOnZZW( ) (,U«e)

@ relativistic degenerate electron pressure

4/3

he (3\1/3

Pe,rel—deg 8ud/3 ( ) (ue)

@ radiation pressure
rad_stOChyn dl/:%aT“.
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Stellar Evolution Project

@ Bill Paxton’s EZ Stellar Evolution code
http://www.kitp.ucsb.edu/~paxton/EZ-intro.html
@ Uses Linux gfortran

@ g95 FORTRAN compiler can be downloaded for most
platforms.
http://www.g95.0rg
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